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We examine entanglements using monomer contacts between pairs of chains in a Brownian-
dynamics simulation of a polymer melt. A map of contact positions with respect to the contacting
monomer numbers (i, j) shows clustering in small regions of (i, j) which persists in time, as expected
for entanglements. Using the “space”-time correlation function of the aforementioned contacts, we
show that a pair of entangled chains exhibits a qualitatively different behavior than a pair of distant
chains when brought together. Quantitatively, about 50% of the contacts between entangled chains
are persistent contacts not present in independently moving chains. In addition, we account for
several observed scaling properties of the contact correlation function.

I. INTRODUCTION

Since the first theories of rubber elasticity, the notion
of entanglement between polymer chains has been a cen-
tral component [1]. Conceptually these entanglements
are viewed as discrete constraints that limit the configu-
rations of the chains, reduce their randomness, and thus
contribute to the entropic stress in the rubber. These
same entanglements are thought to be present in poly-
mer melts. However, in a melt the entanglement con-
straints are not permanent. The diffusive reptation-like
motions of each chain along its length permit chain ends
to pass through a given entanglement and release the as-
sociated constraint [2]. In these theories entanglements
are viewed as discrete objects, each making a comparable
contribution to the elastic modulus.

A complementary view of entanglements is used in the
tube model [1,2]. The tube model allows one to treat
the fractional stress remaining as a function of time af-
ter a step strain. The magnitude of the modulus enters
through the tube diameter, and there is no notion of
discrete constraints. On the other hand, the notion of
discrete constraints reappears when the model is refined
[3,4]. For a complete theory it is necessary to account for
the so-called tube-renewal or constraint-release effects.
The tube consists of confining chains, and if an end of
one of these confining chains crosses the tube, a con-
straint is released from the confined chain. As a result,
an increment of stored free energy of order kBTγ2 is lost
in a liquid under unit strain γ.

The double-reptation model of des Cloizeaux recog-
nizes the implicit symmetry between the confining chain
and the confined chain [6]. It treats all the elastic stress
as arising from such constraints. This theory focuses on
a particular entanglement constraint which involves two
chains. Such an entanglement relaxes when either end
of either chain passes through it. Tube disengagement
and tube renewal are thereby treated as parts of a single
phenomenon.

In all the above theories of polymer elasticity, the idea

of discrete, spatially localized entanglements involving
pairs of chains is present explicitly or implicitly. Yet
only average properties, which ignore the individual na-
ture of the entanglements, are discussed in these theo-
ries. In this study, we outline a strategy for identifying
and characterizing individual entanglements in simulated
polymer liquids. The strategy is based on the notion that
an entanglement between two chains produces persistent
contacts between them. Gao and Weiner [7] followed a
similar path in a recent study. While they were unable to
detect persisting contacts, they found that low mobility
monomers tend to form clusters. We consider a sam-
ple of simulated chains, and our analysis of these chains
provides suggestive qualitative and quantitative evidence
for entanglements. We begin by describing the expected
behavior of interchain contacts owing to entanglements.
Next we describe a series of statistical measurements of
these contacts using simulation results. Finally we assess
these statistics in light of our expectations.

II. ENTANGLEMENTS AND PERSISTENT
CONTACTS

We adopt a schematic model of a polymer chain widely
used for simulations as well as for conceptual studies: a
sequence of beads connected by anharmonic springs. The
beads repel one another with a pairwise, short-range re-
pulsion. We have simulated a liquid of such chains as
described in the next section. In such simulations the
beads move randomly under small stochastic forces as
well as mechanical forces from the springs and from the
bead repulsions. Such simulations have been used to give
strong evidence for reptation [8,9]. Two beads may be
said to be in contact if their separation is smaller than
a predetermined threshold. Two long chains in a poly-
mer melt that have one contact typically have many con-
tacts. According to the conventional theory one expects
two such chains to be entangled in a number of places
as well. These entanglements constrain the motion of
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the two chains in such a way as to increase the elastic
modulus.

Entanglement constraints necessarily lead to attractive
forces between chains. As a result, an entanglement con-
fined to a certain to segment of a chain implies contacts
within that segment. Furthermore, an entanglement con-
fined to a certain segment of the chain implies contacts
within that segment. The converse is not true since a
contact at a given point does not imply an entanglement
constraint there. Thus only a fraction of the contacts
between two chains are associated with entanglements.
The others are “incidental” contacts having nothing to
do with entanglement constraints.

We expect incidental contacts and entanglement con-
tacts to behave differently in time because entanglement
constraints are long-lived. They are only released when a
chain end passes through them. Accordingly, the forces
and contacts that cause the constraint must be long-lived
as well. Incidental contacts are not subject to such con-
straints and they may appear and disappear.

One way to visualize contacts between two chains is
to form a “contact map”. This map is simply a matrix
with one element for each pair of monomers (i, j) on the
two chains in question. A contact between monomers i
and j is indicated by n(i, j) = 1 in the matrix; all non-
contacting elements are zero. Thus the contact map is
a two-dimensional lattice of ones and zeros. We imagine
the chains to be very long so that the matrix and the
number of contacts are very large. The map then repre-
sents an irregular, diffuse cloud of contacts. As the sys-
tem evolves in time, the cloud changes. Individual con-
tacts appear and disappear, and similarly, a local cluster
of contacts may translate, expand, contract, or change
shape. A cluster consisting of incidental contacts can
evaporate completely. On the other hand, if the contacts
are caused by an entanglement, this is impossible since
it would imply the removal of the constraint. Therefore,
the entanglement contacts are persistent. These contacts
may move but not disappear. They may only disappear
(or appear) when the entanglement constraint does so.
According to theory this happens when the entanglement
goes to a chain end. Thus, entanglement contacts may
only disappear when they have migrated to the bound-
aries of the contact map. Persistent contacts between
two chains may also occur without entanglement. For
example, the two sections of the chain may be held to-
gether by other chains, such as a third chain with a small
loop through which the two examined chains pass. The
resulting constraints may then be released if the loop is
removed. This can happen if an end of the third chain
passes through the constrained region.

The entanglements should be observable in various
ways on the contact map. Qualitatively an entanglement
is expected to appear as a localized cluster of contacts
that maintains its average size and density as its position
moves randomly over the map. If a sequence of maps is
stacked to make a three-dimensional cloud of points, such
an entanglement would appear as a loose, ropelike ob-

ject persisting in the time direction. One may gain more
quantitative information by analyzing the density of con-
tacts n(i, j, t). Since individual contacts have little sig-
nificance in themselves, it is useful to average this density
over a few monomers in i and j. The resulting density n̄
is a smooth function of position and time. We expect this
density field to have two contributions with qualitatively
different dynamics. The entanglement-induced contacts
decay significantly slower than the incidental contacts.

III. SIMULATION

The molecular dynamics simulation we used is identi-
cal to that used by Kremer and Grest [8,9] to study an
equilibrium polymer melt. The melt is an ensemble of
200 chains, each containing N = 350 beads connected
by springs. Individual monomers move according to the
equation of motion

mr̈i = ∇
∑
i 6=j

Uij −mΓṙi + Wi(t). (1)

The potential Uij contains two contributions. The first is
a repulsive Lennard-Jones potential Uij = 4ε[(σ/rij)12−
(σ/rij)6 + 1/4] for rij < 21/6σ and 0 otherwise be-
tween all monomers. The second is an anharmoic in-
teraction between bonded monomers [8]. Here Γ is the
bead friction and Wi(t) is the random force acting on
bead i. The strength of the random force is coupled
to the bead friction by the fluctuation-dissipation the-
orem. The temperature T = ε/kB and the density
ρ = N/V = 0.85σ−3. The equations are integrated with
a time step ∆t = 0.013τ0, where τ0 is the standard of
time in Lennard-Jones units, τ0 = σ

√
m/ε. The tempo-

ral behavior of the melt is characterized by several time
scales. For t < τe ∼= 1.8 × 103τ0 the chains have yet to
encounter the topological constraints, and the dynamics
are well described by the Rouse model [5]. By comparing
the mean-square displacement of a monomer in the Rouse
relaxation regime with the Doi-Edwards theory [1], Kre-
mer and Grest found that the entanglement length for
this model is Ne ' 35 [8]. Thus the chain length in the
present simulation is approximately 10Ne. The corre-
sponding Rouse time scale for relaxation of chains along
the tube, τR = τe(N/Ne)2 ∼= 1.8 × 105τ0 is comparable
with the duration of the simulation, viz., 2.2×105τ0. The
time required for the initial entanglement constraints to
relax completely, τd ∼ N3, is beyond the simulation’s
temporal range.

We recorded contacts between all pairs of chains in
intervals of 104∆t. We defined two monomers to be in
contact when their separation rij ≤ 1.5σ. We considered
20 pairs of chains that had a large (> 100) number of con-
tacts at time t = 0. The behavior of contacts between
the various pairs of chains followed the same pattern, and
in the following we discuss contacts between two repre-
sentative pairs of chains (chains 66 and 72, chains 1 and
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96). These two pairs had an average number of contacts
over the entire run of 180 and 100, respectively. We also
considered chains that had no contacts during the simu-
lation. In the following section we define phantom con-
tacts between two distant chains. We will present data
for two such typical pairs (chains 1 and 3, chains 1 and 4).
Contact maps are discussed in the next section, while in
section V a statistical analysis is carried for the real con-
tacts as well as the phantom contacts. For convenience,
we omit the chain labels and refer to the contacts as real
contacts (66-72 and 1-96) or as phantom contacts (1-3
and 1-4).

IV. CONTACT MAPS

The anticipated behavior of the contacts is nicely
demonstrated by a space-time plot of the contact map.
As shown in Figure 1(a), contacts between two monomers
diffuse in space, disappear and reappear. However, cer-
tain contacts strongly persist in space forming “rope-
like” structures centered around two monomers. Such
structures might indicate that the two chains are sub-
ject to a topological constraint in the vicinity of these
two monomers. To understand the role played by entan-
glements we construct “phantom contacts”, i.e. contacts
between chains that are not subject to entanglement con-
straints. We construct these phantom contacts by iden-
tifying two distant chains with no real contacts. We then
define a phantom chain by translating a copy of the sec-
ond chain so that its center of mass coincides with that
of the first chain at time t = 0. The contacts between the
phantom chain and the real chain are the phantom con-
tacts. As the simulation proceeds, the contacts between
the first chain and the translated second chain were iden-
tified, maintaining the same translation used initially. In
this way, we construct a map of phantom contacts anal-
ogous to our map of real contacts. Since the phantom
chain is far from the real chain, the phantom contacts
cannot be influenced by interactions between the two
chains, including entanglements. Yet according to the
tube model, these contacts would evolve in the same way
as in real chains, since in this model the chains are pre-
sumed to move independently whether they are near or
far from each other.

Figure 1(b) nicely demonstrates the qualitative differ-
ence between the contact map of neighboring and dis-
tant chains. The phantom contact map consists of a
large “cloud” of contacts, in contrast with the ropes that
characterize real contact maps. This cloud suggests that
phantom contacts have weaker spatio-temporal correla-
tions. We also produced a map of all i-j contacts during
the simulation, i.e.,

∑
t n(i, j, t). The contacts between

the chains under consideration are confined to roughly
three clusters that have not relaxed during the simu-
lation (Figure 2(a)). Indeed, the number of clusters is
consistent with the expected number of entanglements

between two entangled chains,
√
N/Ne ∼= 3. This esti-

mate can be obtained by considering the overlap between
two random walks of proper length in three dimensions.
In comparison with real contacts, the phantom contact
map appears more diffuse (Figure 2(b)). The above map
suggests contacts between chains as an indicator of topo-
logical constraints, or namely, entanglements.

V. STATISTICS OF CONTACTS

According to the contact map, real contacts between
neighboring chains appear qualitatively different than
phantom contacts between distant ones. In this section
we present a quantitative tool for characterizing this dif-
ference. The primary feature of the contact map is the
dominance of spatio-temporal correlations. Hence, we
study the contact correlation function for both real and
phantom contacts. Since the monomer index is equiva-
lent to the curvilinear coordinate along a chain, and since
the dynamic behavior of this quantity is given in terms
of simple scaling laws in time, we are able to predict the
spatio-temporal properties of correlations between con-
tacts. First, we detail the scaling predictions, and then
we present numerical verifications of these scaling laws.

The contact correlation function provides a simple, di-
rect way to compare the static and the dynamic proper-
ties of the chains. As mentioned previously, in each time
frame τ , contacts between two chains, 1 and 2 for exam-
ple, are given by the function n(i, j, τ). If monomers i
of chain 1 and monomer j of chain 2 are in contact this
function equals unity, otherwise it vanishes. The contact
correlation function, g(x, y, t), is defined as

g(x, y, t) = N−1
∑
τ

∑
i,j

n(i, j, τ)n(i+ x, j + y, τ + t),

(2)

where N =
∑
τ

∑
i,j n(i, j, τ) is the total number of con-

tacts. With this definition g(0, 0, 0) = 1, and in general,
0 ≤ g(x, y, t) ≤ 1. The correlation function has the fol-
lowing physical interpretation: g(x, y, t) equals the condi-
tional probability that monomers x and y are in contact
at time t given that at time t = 0, monomers 0 on both
chains were in contact.

Static properties are well described by the time in-
dependent correlation function f(x, y) ≡ g(x, y, t = 0).
Moreover, since chains in the melt have the global struc-
ture of a random walk, the asymptotic properties of this
correlation function can be predicted by simple heuris-
tic arguments. The quantity f(x, y) is the conditional
probability that monomers x and y are in contact, given
that both monomers 0 are in contact. Hence, one can
view the two touching chains as a Gaussian ring of
length x + y. The probability that such a chain forms
a ring is simply f(x, y) = Px+y(r = 0) where PN (r) =
(3/2πNa2)3/2 exp(−3r2/2Na2) is the end-to-end proba-
bility distribution function of a Gaussian chain with N
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beads and a is the monomer size. Hence, asymptotically
one has

g(x, y, 0) ∼ (x+ y)−3/2
. (3)

This correlation function has the advantage that it does
not depend on the spacing between successive monomers.

The above argument should hold for real contacts as
well as for phantom contacts. In Figure 3 we show that
both the real contacts and the phantom contacts follow
the scaling relation of Equation (3). Neighboring chains
are subject to excluded volume effects, and thus they
should experience an overall reduction in the number of
contacts and in the static correlation function. Indeed,
the static correlation functions in Figure 3 is larger for
phantom contacts compared with real contacts.
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Fig 3. The static correlation function, g(x, x, 0) ver-
sus x. Real contacts (chains 66-72, 1-96, solid lines) as
well as phantom contacts (chains 1-3, 1-4, dashed lines)
follow the scaling law g(x, x, 0) ∼ x−3/2. The solid line
with slope −3/2 is shown for reference.

To examine chain dynamics such as reptation, the time
dependence of the correlation function is necessary. As
for the static case, the leading long time behavior of the
correlation function can be understood using simple ar-
guments. One prediction of reptation theory is that in
a melt the typical curvilinear displacement, x(t), varies
algebraically in time, x(t) ∼ t1/α. The exponent α takes
a series of values at increasing time scales [1]. Differ-
ent time regimes are characterized by different α’s. For
example, on the shortest time scale, the topological con-
straints have not been experienced by the chain. The
displacement is governed entirely by Rouse dynamics,
α = 2. Once the constraints are encountered, the dy-
namics are slowed down considerably, and as a result
α = 4. The crossover time between these two regimes is
denoted by τe. The typical distance traveled in time t
provides us with a natural time dependent length scale.
Furthermore, we assume that the same scales dominate
the contact correlation function. Hence, the time vari-
able t is given in terms of the time scale associated with a
curvilinear displacement x, xα. For simplicity, we restrict

attention to the reduced correlation function, g(x, x, t),
whose expected scaling behavior is

g(x, x, t) ∼ x−3/2Φ(z) z = t/xα. (4)

While in the short time limit g reduces to the static corre-
lation of Equation (1), in the long time limit, z � 1, g is
a function of t only. Consequently, the limiting behaviors
of the scaling function Φ(z) are

Φ(z)/Φ(0) '
{ 1 z � 1;
Az−3/2α z � 1.

(5)

For sufficiently long times, t � xα, one has g(x, x, t) ∼
t−3/2α. In short, the complete contact correlation func-
tion is governed by a single exponent α.

According to the scaling prediction, x3/2g(x, x, t) at
different times is a function of t/xα only. We have ver-
ified this scaling hypothesis for both real and phantom
contacts (see Figure 4). However, the optimal exponent
turned out to be α = 3 in disagreement with the above
theory. The reason for this discrepancy may be crossover
effects, as the time regime where the contacts are ob-
served is an intermediate one between the α = 2 and
α = 4 time regimes. In fact, the temporal range we con-
sidered was 0 ≤ τ ≤ 2.8 × 103τ0, while the crossover
between the two relevant regimes is τe ∼= 1.8 × 103τ0 as
noted in Sec. III. It is expected that for longer times,
the asymptotic value α = 4 will be observed.
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Fig 4. Scaling of the the correlation function. The
quantity x3/2g(x, x, t) plotted versus z ≡ t/x3 for real
contacts (66-72, squares; 1-96, circles) and phantom con-
tacts (1-3, up triangles; 1-4, down triangles). A line with
slope −1/2 is shown for reference.

Figure 4 suggests that the scaling function Φ(z) is a
different one for real contacts and for phantom contacts.
Furthermore, a universal scaling function Φ(z) character-
izes correlations between phantom contacts. This func-
tion decreases monotonically with increasing z. For real
contacts, the scaling function exhibits a gentle maximum
in the vicinity of z = 1. The strength of the maxi-
mum was typically 1.5 for the real chains we examined
(see Figure 4). As a consistency check, we verified that
contact maps of pairs with stronger maximas had more
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ropes compared with pairs that exhibited weaker maxi-
mas. From the definition of the scaling function (Eq. (4)),
the position of this peak grows with time, x ∼ t1/α.
This observation suggests that persistent constraints are
changing position along the chains, and as a result, the
number of delayed contacts is increased. In other words,
the longer one waits, the further the displacement of the
constraint reaches.
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Fig 5. Time dependence of the correlation function for
a fixed monomer index. Shown is g(9, 9, t)/g(9, 9, 0) ver-
sus t for real contacts (66-72 and 1-96, solid lines) and
phantom contacts (1-3 and 1-4, dashed lines).

This difference between real and phantom contacts can
be equivalently illustrated by examining the time depen-
dence of the correlation function with fixed monomer in-
dices. In Figure 5, g(9, 9, t)/g(9, 9, 0) is plotted versus t.
While for phantom contacts g decreases monotonically
in time, there is a peak in the real contact correlation
function at t > 0.

In Figure 4, the correlation function was rescaled by
a constant factor such that it approaches unity when
z → 0. The asymptotic behavior of the scaling function
is given by Eq. (5), Φ(z)/Φ(0) ' Az−3/2α, as z → ∞.
The asymptotic prefactor A is larger for real contacts
than for phantom contacts. The corresponding enhance-
ment factor A strongly varied for the pairs of real chains
we examined, and larger values of A were found for more
localized contact maps. In other words, a fraction of the
real contacts is persistent in time. We emphasize that all
the chains we considered exhibited statistical properties
similar to the above.

VI. DISCUSSION

The intriguing contact maps suggest that real contacts
are qualitatively different from phantom contacts. These
differences can be quantified using a statistical analysis
of the maps. In this section we discuss the meaning of
these differences and their relationship to entanglement.

We can describe the differences in terms of the prop-
erties of real or phantom contacts near a given contact.

The overall density of contacts near a given contact is
about half as large for real contacts as for phantom con-
tacts. This is reflected in the smaller g(x, x, 0) for real
contacts at all distances x. This difference is a simple
consequence of the mutual avoidance of the real chains.
Phantom monomer beads may intersect, but real beads
can not. The intersecting configurations and their asso-
ciated contacts are not available to the the real chains,
and thus fewer contacts are observed.

An opposing effect occurs when one considers delayed
contacts near an arbitrary contact. For a given chemi-
cal separation x, we compare the number of contacts at a
time delay t and separation x relative to the number of si-
multaneous contacts. For both real and phantom chains,
the number of such contacts falls off progressively for
long delays. Two intially contacting segments of length
x eventually move away from each other, and their num-
ber of mutual contacts drops off. The number of de-
layed contacts is relatively greater for real chains than
for phantom chains. Certain delayed contacts are more
numerous than simultaneous contacts for a given separa-
tion x. They remain more numerous over delay times of
the order required for a monomer to move a chemical dis-
tance x. The delayed contacts for real chains are typically
50 percent more numerous than for phantom chains. In
other words, contacts near a given contact tend to persist
longer in time for real chains than for phantom chains.

These extra persistent contacts may arise from entan-
glement between the two real chains. Indeed, persistence
of contacts over time was the signature of entanglement
anticipated in the Introduction. Our results suggest that
roughly 50 percent of the contacts between two interpen-
etrating chains in a melt have motion that is dictated by
entanglement constraints. For all 20 pairs of chains that
we examined, this excess was between 30 and 50 percent,
while there was no such fluctuation in delayed contacts
for the phantom chains. This is a natural consequence
of the discreteness of entanglements. We expect that
some pairs of chains have more entanglements while oth-
ers have fewer, and those pairs with fewer entanglements
should have proportionally fewer persistent contacts.

By assuming that these persistent contacts arise from
entanglements, we can draw some implications about the
entanglement contacts ne and incidental contacts ni pos-
tulated in the Introduction. The total number of contacts
grows as the square root of the molecular weight; the
number of entanglements between two chains expected
in rubber-elasticity theory [1] grows at the same rate.
Thus we expect ne/ni to be independent of molecular
weight. If we identify the fractional excess of persistent
contacts with ne/ni, we infer that ne ∼= 0.50ni.

There is also the hint of a characteristic size x0 in
the contact correlations. The correlation function g(x, t)
shows a maximum as a function of t. This maximum is
weak or absent for small x, and it reaches its asymptotic
value for separations x0

∼= 10. This characteristic separa-
tion may reflect a characteristic size for an entanglement.
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Our analysis has led to suggestive evidence for entan-
glements. The persistent contacts we identified could well
arise from other sources. For example local regions of two
chains could be held together by other chains, thus re-
sulting in persistent contacts. Nevertheless, the features
we have identified appear consistent with the notion that
the persistent contacts arise from entanglements between
the two chains examined. The number of contacts seen
in the contact maps or inferred from the decay of the cor-
relation function is of the appropriate magnitude. The
size scale and relative number of the persistent contacts
fits reasonably with the anticipated behavior for discrete,
local entanglements, as well.

In conclusion, these results encourage the hope that en-
tanglements may be identified as well-defined individual
objects. If this identification could be made, it would lead
to a deeper understanding and better control of polymer
rheology. Our analysis can be used to distinguish entan-
gled pairs of chains from unentangled ones. Additionally,
the contact correlation function provides a natural probe
of the dynamics of many chain systems and it will be
interesting to use this technique to study the size and
the mobility of individual entanglements. It might also
prove useful to investigate properties of contacts in other
many-chain systems.
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FIGURE CAPTIONS

Fig 1. Space time representation of the contact map
of during the simulation. Shown are (a- upper left) real
contacts (chains 66 and 72) and (b-upper right) phan-
tom contacts (chains 1 and 4). The monomer index j is
color-coded: foreground is blue, background is red.

Fig 2. Map of the total number of contacts between
two monomers i and j during the simulation. Shown are
(a-bottom left) real contacts (chains 66 and 72) and (b-
bottom right) phantom contacts (chains 1 and 4). White
indicates no contacts, red a small number of contacts and
blue many contacts.
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